We introduce and investigate the band gap sturcture of the frequency spectrum for classical electromagnetic and acoustic waves in a high contrast twocomponent periodic medium. The asymptotics with respect to the high contrast is considered. The limit medium is described in terms of appropriate se -adjoint operators and the convergence to the limit is proven. These limit operators give an idea of the spectral structure and suggest new numerical approaches as well. The results are obtained in arbitrary dimension and for rather general geometry of the medium. In particular, 2D photonic band gap structures and their acoustic analogs are covered.
Introduction
Wave propagation in inhomogeneous media is qualitatively di erent compared to homogeneous ones. The reason for this is the coherent multiple scattering and interference. In periodic media the multiple scattering can manifest itself in the rise of the so called stop bands or gaps in the frequency spectrum. If the wave frequency falls in a gap, then such a wave cannot propagate in the medium. In disordered media coherent multiple scattering and interference can result in existence of exponentially localized eigenmodes (the phenomenon known as Anderson localization). The transport of classical electromagnetic, acoustic and elastic waves in periodic and disordered media has been studied very intensively recently, both theoretically and experimentally (see 12 This paper is a continuation of the series of papers 6]-9], whose goal is to develop some mathematical tools that can provide qualitative and quantitative understanding of the dependence of spectral properties (such as band gap structure, eigenmodes, etc.) on the parameters of the periodic medium. High contrast media, due to their strong scattering properties constitute a natural and important subject of theoretical investigation. Let us describe the de nition of the high contrast media adopted in this paper. Suppose that spacial properties of the medium are described by a scalar position dependent function "(x) (which is the dielectric constant for dielectric media, or the compressibility for acoustic media). Suppose also that the medium consists of two components and correspondingly the function "(x) takes on just two values, say 1 and > 1. Let us call the component of the medium where "(x) = 1 \light" and the second one where "(x) = \dense". We de ne a high contrast medium as one having the following properties: (i) the dense component is a set of thin slabs of the thickness 1 , so its volume fraction is of order 1; (ii) the total "mass" of the dense component per unit volume does not approach zero (in particular, it can be very large).
An important example of high contrast periodic media is the one where the dense component forms a connected set, while the light component forms a disconnected one (see Fig. 1 ). In this case we can view the medium as a periodic array of \air bubbles" separated by a thin dense lm of the thickness . The case of such 2D-periodic dielectric or acoustic media, when the domains are columns of square cross section and the periods form a simple cubic lattice was studied in our papers 6]-9] under the conditions that 1; 2 1: Along with the detailed analysis of the band gap structure (in particular, existence of absolute gaps), we also discovered two types of eigenmodes that correspond to two qualitatively di erent parts of the frequency spectrum. The eigenmodes of the rst type are well con ned to the thin dense component. The corresponding part of the spectrum consists of small bands of order ( ) ?1 ; which alternate with small gaps of the same order. The structure of those eigenmodes suggests that they presumably arise due to the well known in optics phenomenon of total internal re ection. In that case the thin lm of the dense material plays the role of a wave guide for these eigenmodes. There is also another part of spectrum that corresponds to waves whose energy resides primarily in the light component. This part of the spectrum asymptotically (i.e. under conditions (1)) tends to be almost discrete with large gaps between narrow spectral bands of order ( ) ?1 (see 6], 7], and 8] for details). Similar results should also hold for two component media of rather arbitrary complicated geometries as long as the conditions (1) are satis ed. The natural idea is that for the high contrast media (in particular, under the limit conditions (1)) the operator governing the spectrum asymptotically splits into two operators that are responsible for two di erent parts of the spectrum. One can expect from the results of 6]-9] that the operator governing the waves that are concentrated in the \light" component is either Dirichlet, or Neumann (depending on polarization) Laplacian in the single cell of the \light" material. It is not immediately clear, however, what operator is responsible for the waves propagating along the thin dense component. It is even less clear, how the asymptotic splitting occurs. Another problem is that the technique used in 6]-9] is based on separation of variables, and therefore is not applicable to geometries more complicated than the cubic one.
In this paper we do the following:
1. Find a high contrast limit operator (which in some interesting cases can be represented as a version of the so called Dirichlet-to-Neumann map) that is responsible for the spectrum of waves residing in the thin lm of dense component. 2. Give a rigorous proof that this operator is the true limit of the operators with nite and and that it gives the correct approximation for the spectrum in the case of high contrast. 3. Provide an approach that works in arbitrary dimension and for general geometry. 4. Reduce (1) to much less restrictive asymptotic conditions. The results of the paper also suggest some new numerical approaches to the analysis of photonic band-gap structures and of their acoustic counterparts. The numerical implementation, as well as analysis of the complete Maxwell system will be discussed elsewhere. Now we will introduce the mathematical framework of the problem and formulate the main results.
Let us consider rst the case when the dense component is connected and forms a thin lm of the thickness (see Fig. 1 The general case, when the dense component of the medium is not connected (see Fig. 1 ), can be described by a simple modi cation of the construction for the connected case. Namely, instead of we just take some its periodic polyhedral subset . Then we deal with the sets ; , and p = p n instead of ; , and p and most of the constructions do not change.
Suppose now that two parts of the space R d = S are lled with two di erent materials. We assume that "(x) = 1 on (i.e., consists of the \air-bubbles" p ) and on the rest of the medium "(x) = >> 1. Hence, the coe cient describing our medium is de ned by
Note that, due to the well known scaling properties of the Maxwell system and of the equations for acoustic waves the assumption that = 1 in not actually restrictive. We will also need the auxiliary parameter w = ( ) ?1 :
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We will refer to the function "(x) as to the dielectric function, although all considerations are applicable to the acoustic case as well. In both cases of electromagnetic and acoustic waves the following spectral problem is important for describing propagation of monochromatic waves (see, for instance, 9], 17]):
? '(x) = "(x)'(x); x 2 R d :
(3) Here the spectral parameter represents the time frequency of the wave. For instance, in the electromagnetic case = (!=c) 2 , where ! is the time frequency and c is the speed of light. In the case of electromagnetic waves, though, this equation does not tell the whole story, since one needs here the complete Maxwell system. However, for d = 2 this problem describes one possible wave polarization: electromagnetic waves polarized in such a way that the electric eld E is normal to the plane of the material. (The second polarization when the electric eld is orthogonal to the plane was considered in 6].) Anyway, in both acoustic and electromagnetic cases it is important to understand the structure of the spectrum of this problem (in particular, existence of spectral gaps). We will consider spectral properties of (3) under the conditions signi cantly weaker than (1) .
The case of the two-dimensional square structure (see above) was thoroughly studied in 7] -9]. Let us assume now that d = 2, ? = Z 2 (the integer lattice), and 0 = fx = (x 1 ; x 2 ) j 0 x j 1; j = 1; 2g :
The result of 7] -9] was that under the conditions (1) any nite part of the spectrum splits into two sub-spectra with di erent asymptotic behavior. Namely, the following statement was proven.
Theorem 1 The spectrum of the problem (3) (in the case of square geometry in R 2 ) splits into two sub-spectra = H E that satisfy the following properties: (4) Here for the non-negative integer vector n = (n 1 ; n 2 )2Z 2 + we denote n 2 = n 2 1 + n 2 2 :
The quantities n satisfy the estimate n cw for all n such that the intersection in (4) is non-empty. All the intervals above contain non-empty portions of the spectrum.
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In other words, any nite portion of the sub-spectrum H concentrates around the discrete set
which in fact is the Dirichlet spectrum for the Laplacian in the \air bubble" 0 .
(ii) Under the same conditions as in (i), the intersection of the sub-spectrum E with the interval 0; N] can be described as follows:
n2Z + a n ; b n ] 3 5 \ 0; N] ; (5) where the intervals a n ; b n ] are disjoint, and their lengths and gaps between them satisfy the estimates c 1 w ja n ? b n j c 2 w; c 1 w jb n?1 ? a n j c 2 w:
(iii) The Floquet-Bloch eigenmodes corresponding to the sub-spectrum H are mostly localized in the \air bubbles" p . The Floquet-Bloch eigenmodes corresponding to the sub-spectrum E mostly reside in the region lled with the optically dense component.
The intervals a n ; b n ] in (5) ) (6) in the sense that 
This result shows that under the conditions (1) any nite part of the spectrum consists of two parts superimposed: H is localized around the (discrete) Dirichlet spectrum in the air bubble and is produced by the waves con ned mostly to the \air bubbles"; E (\the ne spectrum") has the ne structure of the set S n 0 ? n ; + n ] rescaled by the small parameter e w. In particular, one can open up an arbitrary number of small gaps separated by small spectral bands in arbitrary part of the spectrum. One of our main aims here is to understand what operator is responsible for the spectrum S n 0 ? n ; + n ] and why is it necessary to re-scale this spectrum by the 7
small parameter e w. This problem will be resolved for general geometry, in arbitrary dimension, and under weaker asymptotic conditions than (1), namely ! 0 and w = ( ) ?1 ! W 6 = 1:
Let us formulate the main result of the paper. The spectrum we are interested in can be naturally described in terms of the following operator pencil in L 2 (R d ):
P( ) = ? ? ? W; (9) where is the Laplace operator in R d , is a scalar parameter (playing the role of the spectral parameter), W is de ned in (8), and is the -function of the surface (i.e. the distribution that integrates test functions over ). The rigorous de nition of P( ) as of a self-adjoint operator in L 2 (R d ) requires introduction of the appropriate quadratic forms and some analysis, which are provided in Section 3. We will call the set of values for which the operator P( ) is not invertible the spectrum of the pencil P( ):
Let us introduce a new spectral parameter related to the primary spectral parameter as follows:
(10) The next theorem is the main result of this paper. A corollary on convergence of Floquet-Bloch eigenfunctions will also be proven. Let us compare this statement with the statement of Theorem 1. In that theorem we assumed that W = 0. If we now look at the relation (10) we will nd that after re-scaling and switching to the parameter in the limit (1) the spectrum H lifts up and disappears at in nity. Hence, the spectrum of the pencil ? ? is associated only with the \ ne" spectrum E . In particular, we will show that the spectrum of this pencil easily leads to the asymptotic (7) of the intervals ? n ; + n ]. This implies that the pencil ? ? is the one that governs propagation of waves con ned to the thin dense component of the medium. The conclusion is that to understand the spectrum and behavior of such waves one needs to study spectral properties of this operator pencil.
Theorem 1 also provides detailed asymptotic for the spectrum H , which Theorem 2 does not. The latter, on the other hand, covers any dimension and arbitrary 8 geometry of the lattice of periods and of the \air bubbles" p . Moreover, the case when W 6 = 0 is now included (it could not be included into Theorem 1, since (1) requires that W = 0). Here the spectrum H does not go to in nity anymore and also is presented in the limit. This case of W 6 = 0 was not covered by Theorem 1 at all. Another advantage of our current result is that it provides some new approaches to numerics, which will be discussed elsewhere. We would like to mention also that the proofs of the results of this paper are much simpler than the ones of 7] -9] (on the other hand, the results from 9] cover any nite portion of the spectrum, whereas Theorem 2 describes for W = 0 only a nite number of the rst bands).
The spectrum of the pencil ? ? ? W can sometimes be described in terms of the spectrum of an interesting pseudo-di erential operator on (a kind of the popular these days Dirichlet-to-Neumann map). This operator is de ned as follows (the details will be described in the subsequent sections). Let ' be a function (from an appropriate functional class) on the surface . Using ' as the boundary data, we solve in each of the polygons p the Dirichlet boundary value problem for the equation ? u = u. The resulting functions in di erent polygons match on the common boundaries, but their normal derivatives do not match. The jump of the normal derivative across gives another function . This way we determine the \Dirichlet-to-Neumann" operator N( ) : ' ! . Now the spectrum of the pencil (9) can be found from the following spectral problem for the operator N( ) : 2 (N( W)):
Hence, the original spectral problem (3) in the limit (8) reduces to a spectral problem for the (self-adjoint) operator N. However, this reduction faces some additional complications. First of all, the spectral parameter enters in a non-linear way, except when W = 0 (in that case one gets the standard spectral problem for the operator N(0)). Secondly, when belongs to the spectrum of the Dirichlet Laplacian in p , the operator N( ) cannot be de ned. Finally, rigorous de nition of N as of a self-adjoint operator apparently requires additional conditions on the polygons. Hence, consideration of the operator pencil (9) is preferable in comparison with using the Dirichlet-to-Neumann map. We adopt the following notations: 
under the conditions (8) . Let us recall that "(x) is very large closely to the surface and is equal to 1 outside of some vicinity of . This leads to the natural idea of singling out of "(x) some function that in the limit (8) approaches the surface delta-function which is de ned as the following distribution:
If we introduce In the limit (8) our problem becomes
So, we can expect the result of Theorem 2 to be true. Now our goal is to rewrite this problem in a di erent way (namely, using the Dirichlet-to-Neumann map). Any distributional solution of this equation in R d is smooth in each of the \faces" p and is continuous through the interfaces. However, the derivatives do not match. Applying in the left hand side the Laplace operator (in the distributional sense) to this piecewise-smooth function, one gets the following reformulation of (16) ? u p (x) = u p (x); x 2 p ; u p (x) = '(x); x 2 @ p : (17) Let p be the outward normal vector to @ p and @ p be the corresponding normal derivative. The following formula de nes a function on that we denote by A p ': (18) Notice that due to the outward directions of the normal vectors, the two normal derivatives from the opposite sides of in (18) are actually subtracted one from another. Observe now that the problem (16) can be rewritten as the eigenvalue problem for our Dirichlet-to-Neumann map: N ( W)'(x) = '(x); x 2 : (19) In particular, for W = 0 we get N (0)'(x) = '(x); x 2 : The apparent conclusion is that the operator N governs propagation of waves conned to the thin dense component of the medium.
3 De nitions of the operators
In this section we give precise construction of the operators S( ) = ? ? "(x); (20) P( ; ) = ? ? ? ; (21) and of the Dirichlet-to-Neumann operator N ( ). We will use the quadratic form approach, i.e. the domains of some of these operators will not be described explicitly.
De ning the operator ? ? "(x) is simple. On one hand, one can de ne this operator according to its formula with the Sobolev space H 2 (R d ) L 2 (R d ) as the domain. Using the theory of elliptic operators one can verify its self-adjointness. We choose, however, an alternative way. Namely, we de ne the quadratic form of this operator as
The domain of this quadratic form is chosen to be H 1 (R d , which is straightforward due to boundedness of "(x): One can also check that these two de nitions of the operator S( ) are equivalent, though we will not use this fact (only the quadratic form approach will be used).
Let us turn now to the operator P( ; ). Since P( ; ) = P( ; 0) ? I; we need to de ne only the operator P( ; 0) in the space L 2 If the domain becomes cylindric after a linear change of variables, the same type of estimate (with a di erent constant) holds. Since p can be covered by a nite number of such sub-cylinders with bases in @ p , one can easily conclude that the estimate (22) is true. This completes the proof of the lemma.
We will de ne now the Dirichlet-to-Neumann operator N ( ). Our Hilbert space will be L 2 ( ), i.e. the space of measurable functions on that are square integrable with respect to the Lebesque measure on . Let a number be given. Assume that does not belong to the spectrum of the Dirichlet Laplacian in p . We de ne the following quadratic form in L 2 ( ) :
n '] = Z 
Due to the equivalence of norms mentioned above, we conclude that 
Proof of the main result
In this section we provide the proof of Theorem 2 formulated in the introduction. Namely, we show that under the asymptotic relation (8) the spectrum of the operator pencil S( e w) de ned by (20) and re-scaled according to (10) tends to the spectrum of the pencil (21) . Under additional conditions discussed above, the main statement can be also reformulated in terms of the Dirichlet-to-Neumann operator N. For instance, when W = 0 we observe that after the re-scaling any part of the spectrum that is not in nitesimally close to zero goes to in nity, so we are essentially discussing only the behavior of the lower part of the spectrum of (11) of order w = ( ) ?1 . Since the subspectrum H is well separated from zero, it disappears in the limit after re-scaling, and so we are describing the part E only. This explains the nature of E discovered in 7]-9]. However, our proof now covers any periodic geometry and arbitrary dimension and the condition W = 0 is relaxed to arbitrary values of W < 1. 
tends (under the conditions (8)) to the spectrum of the problem
Proof of Theorem 5. The spectrum of the problem (26) will be denoted as (S) (although it actually depends on both and ). The spectrum of (27) will be denoted as (P). Both problems (26) and (27) 19]) lead to the following representation for the spectra of these problems:
where (P k ) is the spectrum of the problem ( ? u = u + Wu u(x + ) = e ik u(x) for any 2 Z d and x 2 R d :
The quasimomentum k can be chosen in the cube (Brillouin zone) B = fk j jk j j ; j = 1; :::; dg :
The same assertion is true for the spectrum of (26):
where (k) is the spectrum of the problem (
wu (x) u(x + ) = e ik u(x) for any 2 Z d and x 2 R d :
After commuting with the exponent e ik x , one can reduce both problems to spectral problems on the unit torus, i.e. on periodic functions: The expansions (30) and (28) enable us to consider the problems (32) and (33) on a compact manifold instead of the entire space. In particular, we will prove appropriate convergence of the spectra (k) to (P k ). Distributional solutions of both problems (32) and (33) A Fredholm operator of index zero is non-invertible only if it has a non-trivial kernel, which nishes the proof of the corollary.
The next assertion is now trivial.
Corollary 8 The spectra (P k ) and (k) are discrete for any k and depend continuously on k.
We also need the following statement. The rst integral in this product can be estimated from above when kuk H 1 = 1 by C . The second one under the same conditions is estimated by a constant due to trace theorems . The whole expression is nally estimated by C 1=2 and therefore tends to zero. This argument holds also if one can arrive to a cylindric domain after a linear change of variables. Now, a neighborhood of can be covered by a nite number of such skew cylinders, which nishes the proof of the lemma.
We are ready now to complete the proof of the theorem. Let a; b] Rn f0g belong to the complement of (P). This means that a; b] Rn (P k 5 The case of square 2D structures
Let us consider the case that was earlier treated in the papers 7]-9], namely the two dimensional case of the square structure, when 0 is the unit square in the plane and when (1) holds. In this case is the graph described as the set of all points in the plane R 2 having at least one integer coordinate. We will show that the result of this paper leads easily to the asymptotic (7). Consider our spectral problem for the Dirichlet-to-Neumann map with a xed quasimomentum k:
? These two systems lead to the same spectra, so we will use only one of them.
In other words, the spectrum (values of ) corresponds to solutions of the following transcendental system: 8 < :
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